We explicitely realize a duality between the electric and magnetic variables in the SU(2) Yang-Mills theory. In particular, we expose a selfdual picture where the same effective action describes both the electric and the magnetic phase of the theory. Our results are consistent with the proposal that the physical spectrum of the Yang-Mills theory contains confining strings which are tied into stable knotted solitons. *
In the infrared limit the phase structure of a Yang-Mills theory should be nontrivial. In particular there should be a duality between two different sets of variables, one with an electric interpretation and the other with a magnetic interpretation [1] . Furthermore, the results in [2] , [3] suggest that at long distances the SU(2) Yang-Mills theory relates to a version of the Heisenberg model with Lagrangian [4] 
where r is a three component unit vector. This Lagrangian admits a natural magnetic interpretation, with r the condensate of magnetic monopoles. It also supports stable knots as solitons [5] , [6] suggesting that at large distances the spectrum of the Yang-Mills theory describes closed knotted fluxtubes which are made out of the confining string. The arguments which lead to (1) are based on a gauge fixed off-shell decomposition of the SU(2) gauge field [2] . Besides the unit vector r this decomposition involves an abelian scalar multiplet, with two complex scalars and with a natural electric interpretation.
Here we find a change of variables which relates also this electric part of the Yang-Mills theory to (1) . This leads to a selfduality in the SU(2) Yang-Mills theory, where the same effective Lagrangian describes both the electric and the magnetic phases of the long distance theory. We shall investigate the Yang-Mills theory by employing a gauge fixing and field decomposition which are different from those used in [2] . Here we decompose the offdiagonal a = 1, 2 components of the (Euclidean space) SU(2) gauge field A 
where we subject the e a µ to the normalization condition . When we account for this gauge invariance, each side in (2) involves eight independent field degrees of freedom.
We introduce the combination
so that we have
and we re-write the decomposition (2) as
where we have arranged the four matrix elements of M a b into two complex scalar fields ψ 1 and ψ 2 . A diagonal SU(2) gauge transformation sends
and multiplies both ψ 1 and ψ 2 by a common phase,
but leaves e a µ intact. This is the natural action of a vector-like, or electric U(1) gauge transformation with ψ 1,2 the electrically charged fields. On the other hand, under the internal U(1) rotation we have e µ → e −iζ e µ and
Now the decomposition (5) remains intact, while the composite vector field
transforms according to
Hence C µ can be viewed as a gauge field for the internal rotation. In particular (9) admits a natural interpretation as an axial-like or magnetic U(1) gauge transformation. We employ the complex vector (3) to define a real antisymmetric tensor
which is invariant under the electric and magnetic gauge transformations. We introduce the corresponding Maxwellian electric and magnetic combinations
are two independent three-component unit vectors. When we invert (11) to give e µ in terms of the vectors u and v we get
Here φ is the phase of the µ = 0 component of e µ while the normalization condition (4) gives for the modulus
For the magnetic gauge field (9) this leads to
which identifies φ as the magnetic phase. We also introduce a pair of complex vectors
Finally, we set ρ 2 = |ψ| 2 and define the three-component unit vector
where σ are the standard Pauli matrices. This vector is invariant under the electric gauge transformation. The component t 3 is also invariant under the magnetic gauge transformation, but for the other two components we have
With these definitions we now proceed to the Yang-Mills action where we impose a partial gauge fixing, only for the off-diagonal components. For this we consider the following gauge fixed Lagrangian [1] 
Here we have a renormalizable background gauge condition for the off-diagonal components A The ensuing Lagrangian for the ghosts is constructed in an entirely standard fashion. But since it only becomes relevant in computing radiative corrections, we do not write the ghost contribution explicitely. We substitute the decomposed A ± µ in (19), and find for the (partially gauge fixed) Lagrangian (19)
where we have the U(1)×U(1) covariant derivative
Notice that this Lagrangian is invariant both under the (electric) U(1) of the SU(2) gauge group, and under the internal (magnetic) U(1). We introduce the vector field 
where
describes the action of the magnetic covariant derivative on a vector, and
The Lagrangian (25)-(27) is our main result, and it leads to a number of interesting proposals. Most notably, we have removed the electric U(1) gauge structure by writing the Lagrangian in terms of the manifestly invariant quantities B µ and t. We have also exposed a manifest duality between the electric variable t and the magnetic variables u and v. In fact, this duality becomes particularly transparent when we specialize to static ground state configurations which are described by the Hamiltonian, explicitely
Here m is a three component unit vector that emerges in the static limit where we have m = u = v, and similarly Q i = U i = V i . This follows when we contract the Lie algebra of Euclidean rotations SO(4) = SU(2)×SU(2) to the spatial rotation group SO(3). Notice in particular that in the static limit
We note that (20) is reminiscent of a Lagrangian to which the Coleman-WeinbergSavvidy [7] , [8] arguments apply. Indeed, if we implement our decomposition in the oneloop effective action of the Yang-Mills theory we find that the logarithmic corrections lead to a dimensional transmutation with ρ acquiring a nontrivial ground state expectation value [9] < ρ 2 > = Λ 2 = 0 (32)
The vector B µ then becomes massive. We now inspect the phase structure of the Yang-Mills theory in the infrared limit. For this we consider the properties of the Lagrangian (25)-(27) in a derivative expansion where we treat each of the variables subsequently as a "slow" variable and then study the response of the remaining "fast" variables in this background.
We first take the electric variable t to be a fast variable in the background of the slow magnetic variables. For this we note that nontrivial average values < u > and < v > would imply that the underlying symmetries become broken. Since these symmetries relate to rotation symmetry in the Euclidean four-space which can not become broken, it is reasonable to set
The terms linear in u and v then vanish to the leading order and we conclude that in the first approximation when we replace ρ by its expectation value (32), (25)-(27) simplifies into
Here we identify the relativistic Heisenberg model (1) in interaction with a massive vector field. This suggests that in the infrared limit the electric phase of the SU(2) Yang-Mills theory indeed describes the dynamics of knotted solitons [2] . The Heisenberg model (1) also appears in the corresponding limit for the dual magnetic variables, when we consider them as fast variables in the background of slowly varying electric variables. For this we note that a nontrivial expectation value in < t > implies that the underlying symmetry becomes broken. Since t takes values in the color group SU(2) we have good reasons to argue that
From t · t = 1 we then conclude that
and when we average the Lagrangian over t we find to the leading order
and when we specify this to static configurations we find for the Hamiltonian
A comparison with (33) then suggests that we have a manifest duality between the electric and magnetic variables. In particular, both sets of variables lead to a description that naturally contains knotted solitons in the spectrum [2] In conclusion, we have introduced an explicit realization of the electric and magnetic variables in SU(2) Yang-Mills theory. We have found that both variables lead to a similar version of the Heisenberg model. This appearance of the same effective action in both electric and magnetic variables suggest a selfdual structure, and strongly supports the proposal that the non-perturbative spectrum of the Yang-Mills theory describes stable knots which are made out of the confining string.
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